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Abstract 

Since the b ghost in the pure spinor formalism is a composite operator depending on 
non-minimal variables, it is not trivial to impose the Siegel gauge condition b^V = on 
BRST-invariant vertex operators. Using the antifield vertex operator V* of ghost-number 
+2, we show that Siegel gauge unintegrated vertex operators can be constructed as boV* 
and Siegel gauge integrated vertex operators as / dz b_iboV* . 

These Siegel gauge vertex operators depend on the non-minimal variables, so scat- 
tering amplitudes involving these operators need to be regularized using the prescription 
developed previously with Nekrasov. As an example of this regularization prescription, 
we compute the four-point one-loop amplitude with four Siegel gauge integrated vertex 
operators. This is the first one-loop computation in the pure spinor formalism that does 
not require unintegrated vertex operators. 
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1 Introduction 



The pure spinor formalism [1] is a manifestly super-Poincare covariant description of the 
superstring which has been successfully used to compute multiloop scattering amplitudes 
and covariantly quantize Ramond-Ramond backgrounds. One of the most surprising 
features of this formalism is that the b ghost is not a fundamental worldsheet variable 
but is a composite operator. Nevertheless, after replacing the b ghost with this composite 
operator, the rules for computing scattering amplitudes are essentially the same as in 
bosonic string theory. 

In bosonic string theory, it is well-known that when a vertex operator V is in Siegel 
gauge, i.e. when b Q V = 0, the vertex operator is a conformal primary field. Since the 
scattering amplitude prescription simplifies when the vertex operators are primary, Siegel 
gauge is a convenient gauge choice. Furthermore, Siegel gauge is a useful gauge choice in 
bosonic open string field theory since it reduces the kinetic term to (QcqL Q) so 

that the propagator is simply f^. 

Because the composite operator for the b ghost depends on the non-minimal variables 
in the pure spinor formalism, it is not immediately obvious how to construct BRST- 
invariant vertex operators V satisfying the Siegel gauge condition b$V = 0. For example, 
the massless open string vertex operator in "minimal" gauge is V = X a A a (x,9), which 
does not satisfy b^V = for any choice of A a . Note that V = \ a A a (x, 9) is a conformal 
primary whenever OA a = (which implies Lorentz gauge for the gluon). So the condition 
boV = in the pure spinor formalism implies more than just the condition that V is 
primary. 

As will be shown here, a natural way to construct vertex operators in Siegel gauge is 
to start with the vertex operator V* for the antifield which has ghost-number two. One 
then flips the statistics of the antifield by defining V* to be a bosonic operator. Finally, 
one constructs the unintegrated ghost-number one vertex operator Vg in Siegel gauge as 

— b^V*. The corresponding integrated ghost-number zero vertex operator in Siegel 
gauge is J dz b-iboV*. 

This construction in bosonic string theory obviously reproduces the usual Siegel gauge 
vertex operators where V* = CqVs- But in the pure spinor formalism where there is no c 
ghost, this construction of Siegel gauge vertex operators is less trivial. For example, since 
the composite operator for b depends on the non-minimal variables, the resulting Siegel 
gauge vertex operator Vs will also depend on the non-minimal variables. 

The simplest example is the Siegel gauge massless vertex operator which is constructed 
from the ghost-number two operator V* = \ a \P A a p(x, 9) where A a p(x, 9) is a bispinor su- 
perfield. As shown in [2], QV* = and 5V* = Q(X a Q a ) implies that the component fields 
in A a p(x, 9) describe the antifields to the super- Yang- Mills gluon and gluino. The corre- 
sponding Siegel gauge vertex operator for the super- Yang-Mills multiplet is constructed 
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in unintegrated form as boV*, and in integrated form as J dz b-ib^V*. 

Since the composite operator for the b ghost contains poles when the pure spinor 
variable satisfies X a = 0, the vertex operator in Siegel gauge will also contain these poles. 
As explained in [3\, these poles cause the functional integration over X a to diverge if the 
order of the poles is greater than or equal to 11. However, whenever this divergence occurs, 
the functional integral over the fermionic non-minimal variables will vanish. The resulting 
0/0 ambiguity can be regularized in a BRST-invariant manner using the regularization 
prescription developed with Nikita Nekrasov in [I]. 

In this paper, we shall review how this regularization prescription works for general 
multiloop scattering amplitudes. Furthermore, we will give the first non-trivial application 
of this regularization procedure by computing a 4-point one-loop amplitude when all four 
vertex operators are chosen in Siegel gauge in integrated form. Note that, as in bosonic 
string theory, iV-point one-loop amplitudes can be computed using N integrated vertex 
operators only if all of the vertex operators are in Siegel gauge. So all previous one-loop 
computations using the pure spinor formalism required at least one unintegrated vertex 
operator. 

It is possible that this new one-loop amplitude prescription will be useful for compar- 
ing with the operator approach in the pure spinor formalism, or with other superstring 
prescriptions such as the Lee-Siegel [5] or RNS prescriptions. Another possible applica- 
tion of our results is for super-Poincare covariant open superstring field theory. Although 
a cubic open superstring field theory action has been constructed using the pure spinor 
formalism [6], the gauge- fixing of this action has not yet been performed. It seems likely 
that the gauge-fixing techniques developed here will also be useful for gauge-fixing the 
open superstring field theory action. 

This paper is organized as follows. In section [2j the basics of the pure spinor formalism 
is reviewed and, in section [3j the regularization method proposed in [I] to deal with (AA) 
poles is explained. Section H] deals with the construction of the vertex operators in the 
Siegel gauge. Both unintegrated and integrated vertex operators are described, and some 
of their properties are studied. In section El the Siegel gauge vertex operators are used 
to define a new n-point 1-loop amplitude prescription that uses only integrated vertex 
operators. In addition, the regularization of [I] is explained using the example of the 4- 
point 1-loop amplitude. We conclude in section [6] and indicate some directions for future 
works. 

Note: While this paper was being written up, we received a draft of a paper by P.A. 
Grassi and P. Vanhove which also discusses Siegel gauge vertex operators and regulariza- 
tion in the pure spinor formalism. However, their discussion differs considerably from our 
paper. At the end of section 3, we have added some comments related to their paper [7] 
which appeared shortly after the original version of this paper. 
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2 A review of the pure spinor formalism 



We begin by reviewing certain aspects of the pure spinor formalism that are relevant to 
the present paper. 

2.1 World sheet fields 

Field contents of the worldsheet theory of the pure spinor formalism can be divided into 
matter and ghost sectors. The former consists of the Green-Schwarz-Siegel variables j8] 

(x m ;p a , 9 a ), m = (),•••, 9, a = l,---,16 (2.1) 

that describe the embedding of the string in a superspace (x m , They satisfy free 

field OPEs 

S 13 

x m (z)x n (w) = -ri mn - w) , p a (z)6 p (w) = . (2.2) 

z — w 

The ghost sector consists of a conjugate pair of bosonic spinors 

(uj Q ,X a ), (2.3) 

but they must be treated with care as they are not genuine free fields; instead, A" (weight 
0) is subject to the so-called pure spinor constraint 

A°7^ = , (2.4) 

where 7™ is the symmetric 16 x 16 gamma matrices in ten dimensions. 

To be consistent with this constraint, the conjugate u a (weight 1) is defined up to a 
gauge transformation 

5u a {z) = n m {z){T^) a , (2.5) 

and uj a can only appear in gauge invariant combinations. Some basic invariants of 
this gauge transformation are A-charge current J\, Lorentz generator N mn and energy- 
momentum tensor T\ defined as 

J x = u\ , N mn = -(ujj mn \) , T\ = ud\ . (2.6) 

1 Throughout, we shall use the notation appropriate for describing a chiral half of the closed string 
theory, but use a terminology appropriate for the open string. 
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The OPE algebra formed by those basic gauge invariants can be computed by parame- 
terizing the components of \ a and u a by U (5) covariant genuine free fields. The resulting 
algebra is 



N mn {z)\ a {w 
N mn (z)N m (w 
J x (z)J x (w 
N mn {z)T x {w 
T x (z)T x (w 



z — w 



z — w 



-3(r] np -f mq - r] rnp r] nq ) rj np N m i(w) + (3-terms) 



[z — w) 



z — w 



(z — w) 2 
N mn {w) 
(z — w) 



, J x {z)N mn (w) = regular, 

.1 r - r -. / \ —8 J X (w) 
, J x (z)T x (w) = - - + 



(z — w) 3 (z — w) 2 ' 



11 2T x (w) dT x (w) 



(z — w) 4 (z — w) 2 z — w 



(2.7) 



2.2 Physical states 

Physical open string states are defined as the ghost number (A-charge) 1 cohomology of 
a nilpotent BRST operator 



Q 



= j\ a d a 



where 



(2.8) 



(2.9) 



has the form of the phase space constraint of the classical Green-Schwarz action. Using 
the free field OPE between p a and 9 a , d a satisfies 



d a (z)dp(w) 



n i m 



z — w 



(2.10) 



where IT m = dx m + ^(9^ m d9) is the supersymmetric momentum. d a and IT m acts on 
superfields as supercovariant derivatives: 



(2.11) 



For example, massless states are described by the A-charge 1 vertex operator 

V = \ a A a (x,9). (2.12) 

The cohomology condition QV = and SV = QVl implies that the superfield A a satisfies 
the correct on-shell constraint r y%? 1 ... m5 D a Ap = and gauge invariance 5A a = D a VL. 



Although the form of the BRST operator above appears strange at first sight, its ghost 
number 1 cohomology can be explicitly studied using an SO (8) parameterization of pure 
spinors and it reproduces the lightcone spectrum of the Green-Schwarz superstring [9J. 
Moreover, there are arguments that it can in fact be derived from the classical Green- 
Schwarz action (TO, [TIJ [12J, [13j IHj , and that it is related to the BRST operators of Ramond- 
Neveu-Schwarz and Green-Schwarz formalisms by similarity transformations [16] . 

Finally, Q has co homologies at other A-charges as well. They are interpreted as space- 
time ghosts, antifields and antighosts. 



2.3 Pure spinor sector as a curved (3^ system: non-minimal for- 
malism 

At first sight, handling a non-linearly constrained system such as the pure spinor system 
appears difficult. However, it can be treated rigorously using the theory of curved (3^- 
systems [17J (if the origin A = of the pure spinor space is removed [2D])- One way to 
apply this idea to the pure spinor formalism is to introduce another set of pure spinors 
and its fermionic partners, (ZJ a , X a ; s a ,r a ). 

X a is an antichiral pure spinor (weight 0) 

K^% = 0, (2.13) 

r a is a fermionic field (weight 0) that is constrained as 

r al ^% = 0, (2.14) 

and uJ a and s a are the conjugate momenta (weight 1) of X a and r a , respectively. In ten 
dimensional Euclidean space, A a can be regarded as the complex conjugate of A a , and r a 
is an extension of the target space differential of \ a : 

r a ~d\ a . (2.15) 

Just as uj a must appear in invariant combinations under the gauge transformation 
5u) a = f2 m (7 m A) a , the conjugates ZJ a and s a must appear in invariant combinations under 

5u a = n m ( 7 m A) a - m ( 7 m r) a , 5s a = m ( 7 m A)° , (2.16) 

for arbitrary Q m and <p m . Some basic invariants are 



N mn = ^(^7mnA - s-f mn r) , Jj = u\ - sr , Tj = Lud\ - sdr 
J r = —sr , S mn = — (s7 mn A) , S — sX. 



(2.17) 
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By parameterizing non-minimal variables by U(5) covariant free fields (antiholomor- 
phic local coordinates on the pure spinor space and their conjugates), OPE's among the 
basic invariants can be computed. In particular, they satisfy 

11 



J r (z)J r (w) = — — — - , Jj(z) J r (w) = - , Jj(z) Jj(w) = regular , 



+ WxW = -^, (2.18) 

(z — w)* (z — w) z (z — W) 2 

m / / x 2T x (w) dTj(w) 
Tj(z)Tj(w)- 



(z — w) 2 z — w 

Therefore, the addition of the non-minimal sector does not affect the total central charge, 
but the total ghost number anomaly is shifted to 3 = 11 — 8, if one defines the ghost 
number by 

J g = J x - J r - Jj = ijX - zj\ . (2.19) 

Physical states are then redefined as the ghost number 1 cohomology of a nilpotent 
BRST operator 

Q = Qo + Qi 

(2.20) 



Q = j> \ a d a , Q x = I 



r a uj a . 



Subscripts denote the r-charge, but note that both Qq and Q± carry +1 charge under the 
ghost number current J g = uj\ — uJ\. 

The additional piece Q\ of the BRST operator deals with the constrained nature of 
the pure spinor, and is essential for having a composite 6-ghost operator that satisfies 

T = {Q,b}, (2.21) 

for the total energy-momentum tensor T. For future reference, we here record the explicit 
form of the 6-ghost: 

b = 6_i + b + 6i + b 2 + 6 3 
6_i = s a d\ a 

x a [2U m ( lm d) a - iv mn ( 7 m "^) a - j x do a - \d 2 e a ] 



bo 
h 
b 2 



4(AA) 

(Xl mnp r){d lmnp d + 2AN mn Ii p ) (2 22) 

192(AA) 2 ' 
{nmn P r)(Xi m d)N n P 

16(AA) 3 
(Xl mnp r)(r lp ^r)N mn N qr 
128(AA) 4 
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Now, Q\ itself is nilpotent and its co homology can be regarded as the operator space 
of the pure spinor sector. In [23j EU EH], the structure of this operator space was studied 
by computing its partition function. One outcome of the investigation was that Q\- 
cohomology consists of two sectors H°(Qi) and H 3 (Qi), and there is a one-to-one mapping 
between the two. (Here, the degree of the cohomology is the differential form degree 
carried by r a ~ dA a .) An important element of H 3 (Qi) is the tail term 63 of the composite 
6-ghost. It was found that H 3 {Q\) is essential for having the operator doubling between 
spacetime fields and antifields, and found that the total cohomology H*(Qi) has precisely 
the right structure to kill the unphysical degrees of freedom contained in the covariant 
oscillators (x m ,p a ,8 a ), up to the fifth mass level. 

Having introduced the basic ingredients of the pure spinor formalism, we now turn to 
the description of scattering amplitudes. 



2.4 Tree amplitude 

To compute n-point tree amplitudes, one uses 3 unintegrated vertex operators V and n — 3 
integrated vertex operators J dzll(z) as in the bosonic string, where U carries weight 1, 
ghost number 0, and is related to V as QU = dV: 

/n n 
l[d 2 w i \(V 1 (z 1 )V 2 (z 2 )V 3 (z 3 )l[U(w i ))\ 2 (2.23) 
i=4 i=4 

Here, (• ■ ■ ) denotes functional integrations over (9 a , X a , X a , r a ). (We ignore the functional 
integration over x m for simplicity because there is nothing special about it in the pure 
spinor formalism.) 

After integrating out the non-zero modes using OPE's, one is left with the zero-mode 
integration of the form 

A = J [dA] [dA] [dr]d m 9 A/7(A, A, r, 9) , (2.24) 

where /(A, A, r, 9) is a function of the zero modes, and the zero mode measures behave as 
[DX] = X- 3 d u X , [DA] = A~ 3 d u A , [Dr] = A 3 d n r . (2.25) 

Now, this zero mode integration is ambiguous due to an indefinite factor 00 • that 
comes from non-compact bosonic integration over X a and Aq,, and unsaturated fermionic 
integration over 9 a and r a . However, this difficulty can be easily overcome by inserting a 
regularization factor of the form 

A/- = exp{Q, X }. (2.26) 
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Since Ao = 1 + QQ for some fl, Ao respects BRST symmetry, and one is free to choose 
whatever x that is convenient for computing amplitudes. A simple and convenient choice 
is 

X = -\9, (2.27) 

which leads to 

Aq = exp(-AA - r9) . (2.28) 

Ao puts an exponential cut-off for bosonic zero-modes, and provides extra fermionic zero- 
modes via an expansion of the exponential. By now, it is well tested that this prescription 
lead to correct tree amplitudes (see for example for a review). 



2.5 Loop amplitudes 

We now turn to the discussion of loop amplitudes. A natural prescription to use for the 
n-point g-loop amplitude is 

„ n „ 3g— 3 „ 3cj— 3 n 

a= / d^n / dvn / d^Kn^- 6 )^)]!^))! 2 ' ^ 

J M 9,™ i = l J k = l k = l 1=1 

where and fik are the Teichmiiller parameters and associated Beltrami operator, and 
the bracket (• ■ • ) denotes functional integrations over the worldsheet fields. However, this 
prescription is incomplete as there are two subtleties with the functional integration over 
zero modes. 

The first subtlety comes from the proper definition of an oo • factor associated with 
the integration over non-compact bosonic zero modes, and over unsaturated fermionic 
zero modes. This indefinite factor can be defined as before by inserting an operator of the 
form Ao = exp{Q, xo} to the zero mode integral. The only modification needed is that 
now there are zero modes for weight 1 operators (N mn , N mn , J\, Jj, S mn , S) as well. 

A convenient choice for xo is 

1 9 

Xo = -M~2 52( N i,™Sr + JiSi) (2.30) 
1=1 

where (Nj^ mn , Jj; Si tmn , SV)t=i~ 9 are the g zero modes of the corresponding operators 
defined in (12.171) . For this choice, the zero mode integration comes with an insertion of 

Ao = exp[-(AA + r6)] 

x exp ^[-IiV /imn A77 n _ jjjj - ^Sj, mn (d n mn X) - Sj^Xdj)] . (2 ' 31) 
i=i 
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Ao puts an exponential cut-off for bosonic zero-modes, and provides extra fermionic zero- 
modes via an expansion of the exponential. 

There is another (possible) source of an indefinite factor oo • coming from the inte- 
gration around (AA) ~ 0. This second subtlety is due to the (AA) poles in the integrand 
that could come from the measure, from the insertion of the composite 6-ghosts, and from 
the vertex operators. When the order of the (AA) pole is too high, one gets a divergence 
upon integrating near (AA) ~ 0. However, this type of divergence always comes with a 
zero coming from an over saturation of r zero modes, and it was shown in [I] how to 
regularize and define this indefinite factor. 

Since this regularization for (AA) ~ is slightly involved, we shall explain it in a 
separate (next) section. In the absence of the second subtlety at (AA) — > 0, the prescrip- 
tion above is well tested and known to lead to correct loop amplitudes [27]. (See 
for a review on the subject, and [28J for an extension of loop computations to eleven 
dimensions.) 

3 Regularization of (AA) ~ 

In this section, we explain the regularization prescription of [I] for the functional integral 
region (AA) ~ 0. Although the basic idea of [4] is simple, the formulas there ended up 
complicated because one had to make the prescription consistent with the pure spinor 
constraint (or more specifically, with the gauge invariance under 8uj a = {pf m X) a VL m ). In 
order to demonstrate how the prescription regularizes the region (AA) ~ 0, we here ignore 
the subtleties coming from the pure spinor constraint. 

3.1 Terms requiring regularization of (AA) ~ 

To estimate the order of divergence as (AA) approaches 0, it is more convenient to use 
io a and ZJ a instead of their gauge invariant counterparts, (N mn , J\) and (N mn , J A ). On a 
genus g surface, the zero mode integration measures for the pure spinor variables behave 
as [6] 

[DA] = A~ 3 d n A , [DN] = \- 89 d 9 Jd W9 N -> [Du] = X 3g d ll9 u} , (3.1) 
[DA] = A~ 3 d n A , [DoJ] = X 3g d ll9 ZJ , [Dr] = A 3 d n r , [Ds] = T 39 d ll9 s . (3.2) 

The total measure thus goes as 

[DXDXDujDuDrDs] = X 39 - 3 d 22 Xd 229 ud u rd n9 s (3.3) 

where we denoted d 22 A = d n Ad n A etc. 
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So when the poles of the various operators in the correlator add up to A U \ 3g 8 or 
higher, the zero-mode path integrals over A" and X a become ill-defined because 

d 22 A -J— (3.4) 
(AA)* 

diverges at (AA) — > for L > 11. Fortunately, it turns out that each factor of (AA) -1 
comes with a factor of r a , so for L > 11 one always gets a zero from over-saturated r a 
zero modes as well. (The case of L = 11 will be discussed at the end of section 13.21 ) To 
see this, note that on a genus g surface, one needs 3g — 3 b ghost insertion and each term 
in the b ghost goes as Ar fc_1 /(AA) fc . Hence, after combining with the A 39 ~ 3 pole from the 
measure, one indeed gets integration of the form 

/ d 22 Ad n r Y (3.5) 

Therefore, the problem is again to define the integral of 

d 22 Ad n r ~ ■ oo , (L>11). (3.6) 

(AA) L K J 

Using the idea described in [3], we now explain that an appropriate regularization can be 
done by an insertion of an operator of the form M'{y) = exp{Q, x(y)} = 1 + Q&(y)- 



3.2 Regularization of (AA) ~ 

In order to concentrate on the main idea, we first explain how to regularize the divergent 
integral (13. 4p over X a and A Q , ignoring the zero that comes from r a integration. The 
method can be extended to respect the BRST invariance, and then it naturally defines 
the • oo of (JSSD- 

The basic idea of [1] is to prevent the (AA) poles in operators at different worldsheet 
positions from diverging simultaneously. This can be achieved by shifting the target-space 
location of each pole by different constants /j's: 

n ^ 71 1 

JJiaw* ^ ]^\K^ + h\ 2h ' (3 ' 7) 

Then, after integrating out the non-zero modes, one is left with the integrand of the form 

n 

i=i i a + ^i 



n 



instead of just (XX)~ L . The integration over (A, A) is now well defined as long as U < 11 
in each factor |A + fi\~ 2li . Eventually, one can average over the constants /j's to get a 
finite result. 

To achieve the shifting in the pure spinor formalism in a BRST invariant manner, we 
introduce a constant pure spinor f a and its fermionic partner g a (targetspace differential 
~ df a ), as well as their complex conjugates f a and g a . They are constrained as 

tl^f = nSfid" = fa-tfffi = laltS? = • (3.9) 

Then, we extend the BRST operator to 

Q^Q' = Q + r^ + g a JL (3.10) 

and introduce an additional regularization factor of the form 

M'(y) = ex P {Q, X (y)} (3.11) 

at an arbitrary point y on the worldsheet. To achieve the shift, we include g a us a (y) + 
f a s a (y) in x{y)i an d also put zero modes z^j^ajsf to impose an exponential cut-off for 
the integration over u a and uJ a % So we have 

9 

M\y) = exp[- ^(pfucj + sfd aJ )] 

i=i {6.12) 

x exp{f a u a {y) + g a d a {y) + J a ur(y) + g a s a (y)) . 

Unlike the zero mode regulator Ao for (AA) — ► oo, the regulator Af'(y) includes non-zero 
modes in an essential way. In particular, non-zero modes of s a are important for removing 
extra r Q 's in the integrand. 

The easiest way to understand that Af'(y) indeed brings about the desired shift of 
poles is to use the path integral formalism. On a genus g surface, each component of uj a 
and X a can be expanded by a complete set of eigenf unctions of the worldsheet Laplacian 
as: 

9 

u a(z) = ^2^a,i^i{z) + y^ j u a> rflr(z,z) (3.13) 
1=1 I' 

\ a (z) = A£A + z) ■ (3-14) 



2 In [1], the zero mode cut-off exp{Q, — fg} = exp(— // — ~gg) was included in A/"' instead of the cut-off 
for uj a and ZU", exp^(— ZZJw — sd). Since we have a factor of exp(/o; + fU) in Af' as well, both should 
have the same effect upon integration, but we found it simpler in practice to use our choice. 
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Here, Q a j(z) (I — 1 ~ g) are g zero modes of u a , A is the zero mode of A", Qi>(z) and 
Ai'(z) are the non-zero modes of uo a and X a . Then, the Green function 

G(y,z) = ^2n r (y,y)A P (z,z) (3.15) 
r 

satisfies 

dyG(y,z) = 52A},(y,y)AF(z,z) = S 2 (z-y) - |A | 2 (3.16) 
i' 

d- z G{y, z) = Y. n i'(v> ( z > z) = 5 2 (z-y)-J2 MvWiz) . (3.17) 
Now, using the Green function G(y, z), N'(y) can be rewritten as 

9 

N'{y) = exp[- ^2(uf}uj aJ + sjdaj)] 
i=i 

xexp J d 2 z5 2 (y - z)(f a u a + g a d a +J a ZJ a + g a s a )(z) (3.18) 
= x exp J d 2 zd z G(y, z)(f a u a + g a d Q + J a uJ a + g a s a )(z) , (3.19) 

where 

9 

A/"o = exp Y^[-(F°,i«>i + s °i<i) + + 9°d a ,i + + g a sf)\ , (3.20) 



i=i 



and (uj a j,uJf,d a j,Sj) are the g zero modes of (u a ,ZJ a , d a , s a ). Therefore, except for the 
zero mode factor Aq, insertion of N'(y) in the path integral can be absorbed into the 
change of variables!! 

X' a (z) = X a (z) + f a G(y, z) , X' a (z) = X a (z) + J a G(y, z) , 

9 ,a {z) = 9 a {z) + g«G(y, z) , r' a {z) = r a (z) + g a G(y, z) , (3 21) 

x' m (z) = x m (z) - \g a (l m 6(y)) a G(yi z) , d' a (z) = d a (z) + ( gi m )Jl m (y)G(y, z) , 



as m 



J D<p M'{y) exp(-S) = J D<pN^ exp(-S') (3.22) 
S = J d 2 z(^d z x m d- z x m + pd- z 9 - ud- z X - ZJd z X + sd- z r) . (3.23) 



We thank Joost Hoogeveen for pointing out that x m must also be included in the change of variables. 
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In other words, the path integral definition of the correlation functions 

(0 1 (w 1 )0 2 (w 2 )---O n (w n )) = J D ( / ) eM-SW(y)0 1 (w 1 )0 2 (w 2 ) ■ ■ -O n {w n ) (3.24) 
is equivalent to 

(0 1 (w 1 )0 2 (w 2 )---O n (w n ))' = [ D<j ) 'exp(-S')^(y)0[(w l )0' 2 (w 2 )---0' n (w n ), (3.25) 



where in O'^Wi), variables (A a , X a , 9 a , r a ) are shifted as in (13.211) . For example, an operator 
of the form 

r 3 F(x, 9) 

— = — - — (wi) , (F: some superfield) (3.26) 
(AA) 3 

gets modified to 

(r' + g i fF( X ' - h,',e.l>' + 3 



|* + /,|« ^ <3 ' 27) 

where we abbreviated as 

ft = f a G(y, Wi ). (3.28) 

Below, we omit primes from (X a , A, 6 a , r a ) for simplicity. 

So, the computation of a g-loop amplitude typically reduces to a sum of zero mode 
integrations of the form 

d 16 9rfd 16 M 22^ f d 2 2/d 22^ f j^i JJ (r+j&MC* ~ fa^O + 9i ) 



2h 

(3.29) 



When the total order of divergence is smaller than 11, Mq regularization does nothing 
and the integral goes back to that of section [21 The case when Ylh = H i s special and 
will be discussed at the end of this subsection. When 11 < < 22, only the Aq 

regularization is necessary, and we can set Ao = 1 using BRST invariance. Moreover, 
provided each Zj is smaller than 11, one can show that the integral (13.291) is finite (possibly 
zero due to a lack of some fermionic zero modes). 

To prove this, first introduce parameters (c, e, e) in M' as 

N'{y) = exp[-c^(^ + sfd^)] 

i (3.30) 

x exp[e(f a uj a (y)+9 a d a (y)+e(7 a ^ a (y)+9 a s a (y))] ■ 
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BRST invariance guarantees that the scattering amplitude will be independent of (c, e, e). 
Performing the integration over the zero modes u a j and uJf (I = 1 ~ g), this yields an 
exponential cut-off 

exp[-^(7 a r + ^f)] (3-31) 

for f a and f a . Then, it can be shown that the integration over (X a , X a , f a , f a ) is finite. 
When > 11, it is clear that the only region of integration that can cause divergence 
is where all (A Q , A a , f a , f a ) become small of order e. But thanks to the smearing by /'s, 
the integral is now finite in this region for ll<L = ^/j<22: 



i22\_ 1 - 22-2L _^ / ^22/^22\ x A4-2L ( q qo\ 

d A p^i~ e J f p^ttf ' 

Although the M' regularization described so far only works when the order of (AA) is 
below 22, the estimate of the integral above also shows what to do if the order of (AA) 
poles sum up beyond 22. For example, when the total order of divergence L satisfies 22 < 
L < 33, one only has to introduce another copy of smearing variables (f' a , g' a , f a ,g' a ), 
and extend the regulator Af'(y) so that \ a gets shifted by both f a and f' a . Then, one 
eventually gets the integral of the form 

J d 22 /d 22 / / d 22 A |A + / 1 +//|2L ~ e 66 ~ 2i , (3.33) 

which is finite when L < 33. 

Finally, we shall discuss the case when = lln for any positive integer n and 
will argue that these terms do not contribute to BRST-invariant amplitudes. In this 
case, an analysis similar to (13.321) and (13.331) implies that integration over the bosonic 
variables (X a , f a ) gives a logarithmic dependence on e. However, integration over the 
fermionic variables (8 a ,g a ) can only give polynomial dependence on e. Since BRST- 
invariant amplitudes must be independent of e, this suggests that terms with h — 
cannot contribute to BRST-invariant scattering amplitudes. 

To see more explicitly why this happens, consider the term with h = H 

Vn = ^P^) 16 (3-34) 

where (A 3 r lx ) denotes the unique Lorentz-invariant contraction of three pure spinor A's 
and 11 fermionic r's. Since the functional integral 

J d 22 Ad n rd 16 eAryii (3.35) 
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is nonzero, such a term would contribute to the scattering amplitude if Vn were present 
in the BRST invariant integrand /(A, A, r, 9) of (12.241) . 

However, Vn cannot appear as part of a BRST-invariant expression for the following 
reason. First, note that Vn is in the cohomology of Q\ = §r a uj a and that the only 
non-trivial cohomology of Q = Qo + Q± at weight and ghost number 3 is (A 3 ^ 5 ) = 
(\j m 6)(\j n 6)(\j p 6)(6j mnp 6). So the only possible way for Vn to be a part of a BRST 
invariant operator Y^k=o ^ k * s ^ 



li li 



J2v k = a(X 3 6 5 )+Q(J2^k) (3.36) 

k=0 k=0 

for some set of A^'s, where a is a constant and the subscript k denotes the term propor- 
tional to r k . Since Q = Q + Qi where Q = A a ^ and Q\ = ^agf~> this would imply 
that Vn = QoAn + QiAi . Since Vn is proportional to (6 1 ) 16 and Q lowers the number 
of #'s, An must vanish which implies that Vn = QiA 10 . But this cannot happen because 
Vn is in the cohomology of Q±. Therefore, the eleventh pole simply does not contribute 
to the BRST invariant amplitude, and the M' regularization is unnecessary. 

Similarly, the only dangerous term for £\ Zj = 22 with a single set of smearing variables 

is 

V22 = — tt I \ i £ \2i- — fc rr i \ i f \2i- " [6.6 { 

Again, one can argue that this is in the cohomology of Qi = r a -=- + ~g a -M- but cannot 
be part of a BRST invariant operator where now the BRST operator is extended to 
Q — Qo + Qi with Q = A Q q|^ + /"g^-. So the twenty-second pole cannot contribute to 
the BRST invariant amplitude as well. 

It is important to stress that the M'{y) regulator is necessary for resolving 0/0 ambigu- 
ities and does not affect the computation of terms with h < H where such ambiguities 
are not present. Similarly, if one has two copies of N'(yi)N' '(2/2) inserted at different 
points of the worldsheet, the extra regulator does not affect the computation of terms 
with Y 1^ < 22. So for an amplitude computation whose maximum order of divergence is 
L = X^i; ^ i s sufficient to insert L/ll regulators at different points on the worldsheet. 
Of course, one can always insert more than L/ll regulators, but the additional regulators 
will not affect the computation. 

It is also important to stress that if one does not include a sufficient number of regu- 
lators, the amplitude is ambiguous since one has a divergence (coming from the bosonic 
functional integral) multiplied by a zero (coming from the fermionic functional integral). 
In a recent paper [7], Grassi and Vanhove claimed that the amplitude is vanishing if one 
does not include a sufficient number of regulators, which would lead to a violation of 



16 



unitarity. Their claim was based on doing the fermionic functional integral before doing 
the bosonic functional integral, in which case they obtained the zero but ignored the 
divergence. However, any proper regularization procedure should be independent of the 
order of integration. So it is necessary to first regularize the divergence in the bosonic 
functional integral before attempting to do the fermionic functional integral. 

Grassi and Vanhove also proposed a new regulator in [7] of the form 



which removes the divergence when AA — ► 0. However, their regulator does not remove 
the divergence when AA — > oo. Although they claim that the divergence when AA — > oo 
can be ignored because of the (A A) -1 factors coming from the integration over the r zero 
modes, this claim is based on the assumption that one can first do the fermionic functional 
integral before doing the bosonic functional integral. However, as stressed above, any 
proper regularization procedure must be independent of the order of integration. Since 
performing the bosonic functional integral before performing the integration over the r 
zero modes leads to an ambiguous answer using the regulator of [7j, their regularization 
procedure is incomplete. Regularization of the bosonic functional integral when AA — > oo 
is expected to require additional insertions involving d zero modes. Note that these extra 
d zero modes must arise from the regularization of divergences, and cannot be included 
by simply modifying the gauge-fixing condition as suggested in [7j. 

This concludes our explanation of the regularization method of [I] and we now turn 
to the construction of vertex operators in the Siegel gauge. 

4 Vertex operators in the Siegel gauge 

in the Siegel gauge. In the Siegel gauge, vertices are annihilated by bo so the equation of 
motion implied by Q = is simply Lq = (and □ = for the massless vertex). Therefore, 
the gauge is an extension of the Lorentz gauge where the photon wave function satisfies 
P m a rn {x) = 0. 

4.1 Unintegrated vertex operators in the Siegel gauge 

In the review of the pure spinor formalism above, we defined the physical vertex operators 
to be the cohomology elements of the BRST operator 





Q = Qo + Qi , 



(4.1) 
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where Qo = § X a d a , and Q\ = §r a uj a . Conventionally, however, the vertex operators 
have been assumed to be annihilated by Qo and Qi separatelyo This is a particular 
choice of a gauge for the cohomology representatives of Q — Q + Q\\ we shall refer to 
this gauge as the "minimal gauge" . 

In the minimal gauge, vertices are independent of non-minimal variables, (ZJ a , X a , s a , r a ), 
and have no poles in AA. For example, the unintegrated vertex operators for the massless 
and the first massive modes are given by the most general A-charge 1 operators of this 
type, 

V™ lcss = \ a A a (x,9), (4.2) 

^massive = 0\ a B a (x, 6) + X^B^X, 9) + \ a dpBj(x, 6) 

+ X a U m B am (x, 9) + X a JB a (x, 9) + X a N mn B amn (x, 9) , (4.3) 

and it had been explicitly checked that the cohomology condition with respect to Qo = 
§ X a d a yields the correct on-shell constraints and gauge invariance conditions on the 
superfields A a (x, 9), B a (x,8), B amn (x,9) [Tl |2"§]. 

Although the minimal gauge is convenient for many calculations, it is more natural 
and sometimes necessary to allow more general dependencies on the pure spinor sector. 
A natural class of (massless) vertex operators with ghost number 1 is given by 

v = v x + • • • + v p 

_ A ao A^A^"y 7 (x,g) K Q r ai ---r ap Xl 3 X~<C a ^- a r /3l (x,9) (4.4) 

(AA) + "' (AA)p +1 

where the ghost number is measured by J g = uX — ZJX. Note that as in the b ghost, V 
has been defined such that (r a7 f- + \ a -J=-)V = 0. Since the composite 6-ghost depends 

non-trivially on r/(AA), it is clear that the Siegel gauge condition bo = can be achieved 
only if one allows the vertex operators to depend on the non- minimal fields as in (I4.4p . 

Note that the choice of (14.411 allows one to choose different gauges for the superfields 
C's on different coordinate patches of the pure spinor space. The simple form of the vertex 
in (14 ,2p should then be understood as a special choice of the gauge for C's such that the 
vertex is globally defined on the pure spinor space (or in other words, independent of the 
non-minimal variables) . 

We shall now show that the Siegel gauge can be achieved within the general form of the 
vertices f)4.4p by explicitly constructing them. To be concrete, we explain our construction 
using the massless vertex as an example, but the construction works for massive fields as 

4 In the Cech type formulation of curved j3j systems, this corresponds to the operators defined globally 
on the pure spinor space. 
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well! We start from the ghost number 2 cohomology of Q 

V* = X a X /3 A a(3 (x,9), (4.5) 
with A a p(x,6) a bosonic superfield. Our Siegel gauge vertex operator is then defined as 

V(z) = b V*(z) = I dy(y - z)b(y)V*(z) (4.6) 



which is obviously annihilated by bo- More explicitly, V reads 

V = V + V 1 + V 2 + V 3 , (4.7) 



where 



vo = Wor = ^ , (4-8) 

Vi = {bi)o y* = (A 7 m " p r) [\n^D lmnp D)_ - 24( 7mn A)^P p ],y ^ (4 g) 



192(AA) 



V 2 = W.V = -M^>(WWV>>°^ , (4.10) 

16(AA) 3 

1 ; 256(AA) 4 ' K ' J 

Let us now study the gauge condition implied by the construction above. The co- 
homology condition on V* implies that A a p(x, 0) is subject to the constraint and gauge 
invariance of 

DfaApyfi = 0, SA Q/3 = -D(( a fi/3)) , (4-12) 

where f2g(x, 9) is an arbitrary superfield, and the notation • • • a n )) signifies symmetric 
7-traceless combination of spinorial indices. From the antifield calculus in ten dimensional 
super-Maxwell theory, it is well known [2, [30] that A a p{x, 6) contains a vector at 9 A , whose 
"equation of motion" is the Lorentz gauge condition 

P m a m (x) = 0. (4.13) 

So our construction explains that the Siegel gauge boV = is indeed an extension of the 
Lorentz gauge, as is expected. 

Several remarks are in order before turning to the construction of integrated vertex 
operators in the Siegel gauge. 



5 Antifield vertices for the massive modes have not been computed explicitly in the pure spinor 
literatures, but strong evidence for the fact that the space of pure spinor vertices enjoys field-antifield 
symmetry was presented in [531 HI] • 
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First, we note that the construction above in fact parallels that of the bosonic string. 
In the bosonic string, the notion of the Siegel gauge and that of field (V = cip(x)) and 
antifield (V* = cdcip*(x)) are manifestly related because there the field-antifield doubling 
comes from the ghost zero-mode oscillators satisfying {&cb c o} — 1- Also, it is clear that 
the field (or Siegel gauge) vertex operators can be obtained from the antifield vertex 
operators by acting with 6 - 

In the pure spinor formalism, however, there is no c ghost so a priori the field-antifield 
doubling and the Siegel gauge choice are unrelated. Moreover, the b ghost is a compli- 
cated operator that may have non-trivial cohomologies, so one might even worry that the 
condition b^V = on the vertex of the form (14.41) does not have a solution. However, 
our construction explains that the only structure needed for solving b V = is the field- 
antifield symmetry of the operator space. The presence of the field-antifield symmetry is 
non-trivial in the pure spinor formalism, but is strongly supported by the study of the 
pure spinor partition functions in [23], El] . 

Finally, in our construction, we have not specified the gauge for the superfield in V*. 
However, it is easy to see that any choice of gauge leads to a vertex in the Siegel gauge. 
The "pre-gauge transformation" 5V* = Q(X a Q a ) simply modifies the Siegel gauge vertex 
Vbj 

5V = b (Q(X a Q a )) = L (X a Q a ) - Q(b (X a Q a )) (4.14) 

The first term vanishes if fl a has weight 0, and the second term is the remaining gauge 
transformation in Siegel gauge analogous to the residual gauge transformation of the 
Maxwell theory in the Lorentz gauge. 

4.2 Massless integrated vertex operator in the Siegel gauge 

We now turn to the construction of the integrated vertex operators. We exclusively con- 
sider massless vertices. Given a Q-closed unintegrated vertex operator V in an arbitrary 
gauge, the corresponding integrated vertex operator U satisfying 

QU(w) = dV(w) (4.15) 

can be obtained by defining 

U(w) = b-iV(w) . (4.16) 

Since {Q , = L_i, it is clear that U satisfies (14.151) . 

For the Siegel gauge vertex operator V = b V* of the previous subsection, U is a 
conformal primary of weight 1. Indeed, since b and V* has at most a double pole, one 
easily finds that for n > 0, 

L n U = b n ^(b V*) + 6_i(6 n y*) = -b {b n ^V*) + = 0. (4.17) 
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Schematically, the integrated vertex operator U = b_iV is of the form 

U = (b^UV + d6 a f a + U m f m + d a f a + \N mn f mn , (4.18) 

where (6_i)_iV" denotes the simple pole of (s a d\ a ) with V, and the /'s are constructed 
from X a , A Q , r a , and spacetime derivatives of the superfield A a p, e.g. D n A a p(x,6). Since 
their r dependence and the order of divergence as (AA) — > become important for our 
application, we record them here: 

A „ r>2 A „3 A 

(4.19) 
(4.20) 
(4.21) 
(4.22) 



fa 


D 3 A aj3 
(XX) 


rD 2 A aP 
(AA) 1 


+ • 


r 3 A a p 
(AA) 3 


fm 


D 4 A afS 
(XX) 


rD 3 A al3 

(xxy 


+ • 


r 4 A a p 
(AA) 4 


r = 


D 5 A a(S 
(AA)° 


rD*A al3 
(AA) 1 


+ • 


(XA)« 


fmn 


D 6 A a/3 
(AA)o 


rD 5 A a/3 
(AA) 1 


+ • 


(xxy 



Although the vertex operator U appears complicated, it simplifies considerably after 
using the gauge invariance 5A a p = D^ a A^ to gauge-fix 

(A 7 "TA a/3 = 0. (4.23) 

To see that this gauge choice is accessible, choose a U(l) x SU(5) decomposition of 
SO (10) such that the only non-vanishing component of A a carries — § U(l) charge. If 
A ab (for a = 1 to 5) denotes the component of A a p with +3 U(l) charge, the constraint 
X a X f3 X 1 D a Ap 1 = implies that D^ a A bc ^ = where D a is the component of D a with | 
U(l) charge. Since {D a ,D b } = 0, D( a A bc ^ = implies that A ab = Dt a Q, b \ for some fl b . 
So Q b can be used to gauge A ab = 0. In the gauge A ab = 0, X a X l3 X^D Q A^ = implies 
that D( a A^ = where A b cd ^ denotes the component of A a p with +1 U(l) charge. So 
^[cd] _ jj b Q[cd\ f Qr some which means that A b cd ^ can also be gauged to zero. In the 

gauge where A ab = A b cd ^ = 0, it is easy to verify that (A7 m ) a A a/3 = 0. 

Since (Xj m r) = implies that the U(l) charge of r a is either — \ or — |, one can use 
U(l) invariance to verify in this gauge that all terms beyond r 3 in (f a ,fm,f a ) vanish, 
and that all terms beyond r 4 in f mn vanish. Note that X a X f3 X y D a Ap 1 = implies in this 
gauge that the U(l) charge of D a Apy is less than or equal to — §. It will turn out that 
when we compute 4-point 1-loop amplitude using 4 C/'s, the only contribution will come 
from the r 3 term in d a f a and the r 4 term in \N mn f mn) namely 

r^A a ,(x,9) ^(x,9) 

da {Jx)3 + *mn ^ ■ (4.24) 
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This concludes our construction of the massless integrated vertex operator in the Siegel 
gauge, and we now argue that it can be used to compute n-point 1-loop amplitudes using 
only integrated vertex operators. 



5 New n-point 1-loop amplitude prescription 

In this section, it will be shown that n-point 1-loop amplitudes in the pure spinor for- 
malism can be computed using n Siegel gauge integrated vertex operators of the previous 
section. 



5.1 Description of the problem 

In bosonic string theory, the canonical prescription for computing n-point 1-loop ampli- 
tudes is to use 1 unintegrated vertex operator and n — 1 integrated operators, with a 
single insertion of the b ghost: 

dv / (n d v)K U 2 z(b- /i)(*)vto)ntfto)>r • 



i=2 " i=2 



However, it is well known that when the vertex operators are in Siegel gauge, the amplitude 
can also be computed using only the integrated vertex operators as in 



/j2 r n n 
^/(iidSi^n^))! 2 - 
J i=l i=l 



(5.2) 



Here J g = —be is the ghost number current (put at an arbitrary point z on the worldsheet). 
So a natural question is if a similar prescription can also be used in the pure spinor 
formalism when the vertex operators are in Siegel gauge. 

To understand why Siegel gauge is necessary, let us first explain why prescriptions of 
the type (15.21) with integrated vertex operators in the minimal gauge (Qi = 0) give zero 
for the massless 4-point 1-loop amplitude. In the non-minimal formalism, the bosonic 
prescription (15.21) naively generalizes to 

d 2 w 1 ---d 2 w n \(NJ g (z)U(w 1 )---U(w n ))\ 2 , (5.3) 

where J g = u\ — ZJ\ is the ghost number current defined so that the BRST charge Q 
carries charge +1, and 

M, = exp[-(AA + r6) - (^"iV^ + 7 X J A + ^S mn (X lmn d) + S{Xd)} (5.4) 
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is the zero-mode regularization factor that is needed to define an indefinite factor (oo • 0) 
coming from non-compact bosonic integrals and unsaturated fermionic integrals. 

Now, in order to have a non- vanishing result, one must saturate the 16 zero- modes of d a 
on the torus. However, Mo can provide at most 11 d a zero-modes, and each unintegrated 
vertex operator can only provide 1 d a zero-mode. So, for the 4-point amplitude it is 
impossible to saturate the d a zero-modes in (15. 3p and one gets a vanishing result. 

To have a non-vanishing 4-point 1-loop amplitude using 4 integrated vertex operators, 
an additional d a zero-mode must be supplied from somewhere. In |4] it was suggested 
that the extra d a zero-mode could be provided from the additional regulator M'(y) of 
section [3J that is needed when the total AA pole in the integrand adds up greater than or 
equal to 11. 

Below, we shall show that in Siegel gauge, the 1-loop prescription of the form ( 15. ip with 
a 6-ghost insertion can be converted to the prescription of the form (I5.2p that uses only 
the integrated vertex operators. Moreover, we shall show that the additional regulator 
of [1] does provide the missing d a zero-mode so that the 4-point 1-loop amplitude with 
this new prescription is non- vanishing. 



5.2 The new 1-loop prescription and its derivation 

In this subsection, we shall argue that the n-point 1-loop amplitude can be computed by 
the prescription of the form 

/ ■i2 n p r n 

f^(n / d V) I (A/^ fdzJ g (z)(jlu'( Wi )))\ 2 , (5.5) 
mr i=i ^ A i=i 

where Mo and Mq are the zero mode regularization factors reviewed above, J g = ujX — ujX is 
the ghost number current, and U' is the "smeared version" of the Siegel gauge integrated 
vertex operator. The smearing was caused by the non- zero modes in M'(y). Below, we 
shall omit the prime (that denotes the smearing) from various operators with its presence 
understood. 

We start from the conventional prescription of the form 

d 2 r(j[ / d 2 w t ^\(MM f dz(b-Av)(z)V(wi)(j[U( Wi )})\ 2 . (5.6) 

i=2 J ^ A i=2 

Here, V is the Siegel gauge unintegrated vertex V = b V* and U = b^iV; a non-trivial 
cycle A and the discontinuity Av 2 across A of a quasi-conformal vector field v z are defined 
in a pair; we take A as a horizontal cycle of length 1 on the real axis, and 

= 77TTT- \(Z-Z) (5.7) 

(2ilmr) v ; v ; 
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has a unit discontinuity across A. v z is related to the Beltrami differential as /if = d z v z . 

Since U has no poles with the b ghost (as is the case in the bosonic string), use of 
this canonical prescription is natural. Moreover, the prescription (15.61) has the full BRST 
invariance so, barring the usual concern with the moduli boundary contribution, arbitrary 
BRST trivial pieces may be added to the vertex operators. In particular, one can go to 
the minimal gauge [Q\ = 0) and there the prescription is well-tested to give the correct 
answers. 

To convert the unintegrated vertex V{w\) in (15.61) to an integrated one, we first average 
over its position w\\ 

/j2 n p p n 

f^(n / dV)|(W f dzb{z)V(w 1 )(j[U{w i )))\ 2 . (5.8) 
mT i=l^ ' ^ A i=2 

Note that Im r is the area of the torus of modulus r. If we were dealing with the bosonic 
string, a zero-mode of c ghost can be split off from the unintegrated vertex, V = cU, 
and (15.21) is essentially derived. However, in the pure spinor formalism, there is no c ghost 
so we wish to use the b ghost present in ( 15. 8ft to convert V to U — b-\V. Therefore we 
rewrite 

I dzb(z) = - <b dz' & dzb{z')J g (z) (5.9) 

J A Jc J A 

where C is a contour that surrounds z. Then, pulling the contour C off z, we get 

/j2 f n /• n 

j ~ / (n d V)|(AW f dzJ g {z)YlU(wi))\ 2 (5.10) 
111 r J i=i ^ A i=i 

where we have used that b has no poles with U. This is our prescription for the n-point 
1-loop amplitudes that treats all external vertices equally. 

Note that (15.10p is valid only for the vertices in a special class of gauges, because 
not all BRST trivial operators decouple anymore. This explains why the minimal gauge 
vertices cannot be used in (15.101) . However, (I5.10p still has a residual gauge invariance 
since operators of the form Q(boQ) decouple. 

The derivation here of course applies to the bosonic string as well. There, since b and 
c in J g contribute only the zero- modes, the integration of J g (z) over A can be undone, 

dzJg(z) = —bc(y) , (y: arbitrary point) (5-11) 

and hence, 

/j2 r n n 

t~ / (n d Si^^n^))r ( 5 - 12 ) 
j i=i i=i 
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as is well known [31]. However, we note again that integrated vertices in this formula are 
no longer allowed to be in an arbitrary gauge; they must be related to the conventional 
representatives (e.g. U = e lk x for the tachyon) by a gauge transformation of the type 
5U = Q(b n). 

5.3 Residual BRST invariance of the new prescription 

In the derivation of this prescription, it was important that the integrated vertex U was 
annihilated by b-\. Therefore, it seems that one is no longer free to choose an arbitrary 
gauge for vertices by adding BRST trivial pieces. However, it will now be argued that, up 
to a possible contribution from the boundary of the moduli space, U still has a residual 
gauge invariance of the form 

5U = Q(b n) (5.13) 

where Q is an arbitrary weight 1 primary operator. 

To show that operators of the form Q(bo£l) decouple from the amplitude, consider a 
variation of an (n + l)-point amplitude: 

5A={j> JgUx-'-Un QiboQ,)) ■ (5.14) 

Here Ui = Ui{wj) and we omitted the integrations over w^s. Since the U^s are Q-closed 
under the integration symbol, we treat them as if they are Q-closed. 

Now, pulling the contour of Q and b off of Q and using that Q(Ui) = b (Ui) = 0, we 
find 

8A=-{j> J B U 1 ---U n b Q) (5.15) 

= (£b (J B )U 1 ---U n Q) (5.16) 

= {j> L Q U x -.U n Sl) (5.17) 

where Jb denotes the BRST current. Note that on a torus, b (X) can be written as 
[§ A b, X] so that b (XiX 2 ) = b (Xi) X 2 ±X X 6 (X 2 ). Since all vertex operators are primary 
fields, insertion of § A L generates a total derivative on the moduli space, so Q(boQ) indeed 
decouples from the amplitude. 

5.4 4-point 1-loop massless amplitude 

It will now be shown that if one uses the integrated vertex operator U in Siegel gauge, 
the new prescription of section 15.21 gives a non-vanishing result for the 4-point 1-loop 
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massless amplitude. Below, we only write the chiral half of the closed string and use the 
terminology appropriate for the open string. 

We first show that the only non-vanishing contribution comes from the four product 
of the d a r 3 and A^ mn r 4 terms 

d a _ 1 + N mn _ aii 5.18 
(AA) 3 (AA) 4 1 ; 

in U . Note that these get smeared to 

(r + gfD 2 A aP (x,9 + g) AT (r + g)*D 2 A a p(x,9 + g) 
d a p^ T yp +N mn (5.19) 

in the presence of the extra regulator M'(y) of section [3j The regularization of (AA)~ L 
pole at the same time shifts r L to (r + g) L , so combinations with L > 11 can give non-zero 
contribution. 

To show that these are the only contributions to the amplitude, first recall that, for 
each of the products in ( f £7) 4 , only one of the two regularization factors J\f and Aq is 
necessary. The former is needed when the total order of (AA) poles (or equivalently, the 
total r-degree) is below (AA) -11 , and the latter is needed when it exceeds (AA) _11 Jj 

Since the regulator 

Wo = exp[-(AA + tB) - (NN + (XX) sd)] (5.20) 

can only provide at most 11 d a zero modes, and 4 f/'s can provide at most 4 d a zero 
modes, it is clear that combinations of the terms for which the total order of (AA) pole 
L is below 11 cannot contribute. Therefore, we can forget about the terms requiring Ao 
regularization (and Aq itself). 

For combinations of the terms requiring the M' regularization, one has to saturate 
the fermionic zero modes of (d a ,8 a ), (s a ,r a ) and (g a ,~g Q ) to have a non-vanishing result. 
Unlike the M regulator of ( 15.2011 . the zero mode remnant of the M' regulator 

Mq = exp[-(cJc; + sd) + (fu + gd) + (JuJ + gs)) (5.21) 

can provide more than 11 d a zero modes because the zero modes of d a appear both 
in exp(— sd) and exp(gd). We will find that Mq can provide L d a zero modes for the 
combination of terms that goes as r L / (AA) L in the absence of M' regularization. 

We first show that the r 12 term in (d a f a ) 4 can saturate all the zero-modes. In the 
gauge (X^ m ) a A a p = 0, f a contains terms up to r 3 /(AA) 3 , so (d a f a ) A contains terms up to 



6 For the eleventh pole r 11 / (AA) 11 see the discussion at the end of section 13T21 However, since this r 11 
term cannot saturate the fermionic zero modes for the 4-point 1-loop amplitudes, one may ignore this 
subtlety here. 
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r 12 /(AA) 12 . However, as explained just above, terms with total r-degree below 11 cannot 
saturate d a zero modes, so we only need to keep r 11 /(AA) 11 and r 12 /(AA) 12 . 

The coefficients of (AA)~ L (L = 11 or 12) in these combinations are 

e -(M+sd) e (fu+ g d)+(Jz + gs) x ^4( r + gfD™- L A A ap {x, 6 + g) (5.22) 

where the exponential factors come from the regulator TVq, and the rest come from the 
smeared vertices ( 15. 19ft . Now, to saturate all the zero modes of r a , s a and g a , one has to 
take the following combination in ( 15.221) : 

e -^ e (/^) + 7^ (srf) L-ll ( - s)22 -L x (^4(^-11^20-^4^^ 9 + g) 

= e -^ e (/.+ 9 d)+7^L-7 (sr) i Y^a-L^y^^ + g y 

Then, it is clear that L has to be 12 in order to saturate the 16 d a zero modes and 11 g a 
zero modes as in 



e-""e f " +1 "{gd) ll d L - 7 (sr) lx g ll D w - L A A af3 (x, 6 + g) 
= e-^e^+^d^sr^igg^D^A^&e) . 
Thus, in (d a f a ) 4 , only 



(5.24) 



(5,5) 



(AA)3 7 
contributes to the amplitude. 

This counting of the zero modes at the same time explains that the Mq regulator can 
provide L d a zero modes for the term that naively goes like r L /(XX) L . Then, it is clear 
that only 

d °^xxr + Nm "^x^) (5 ' 26) 

contributes to the 4-point amplitude in the (\^ m ) a A a p = gauge. (Other combinations 
cannot saturate the 16 d a zero modes, because they are of the form d k r L ~ k /(XX) L ~ k with 
L< 16 and k = l,--- ,4.) 

Let us make a consistency check for the amplitudes computed using the prescription 
given here. The 4 point amplitude should have the dimension 

A~F\ (5.27) 

where F = F mn is the photon field strengths. In the superfield A a p(x, 9), the fieldstrength 
resides at the 9 6 level so using A a p, the amplitude should be 

A~D 2i A*~ [ d 16 9D 8 A*, (5.28) 
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and this is what we get by integrating ( 15.24ft over all zero modes (for L = 12). 



We now show that the amplitude computed as above is indeed BRST invariant. To 
show that one is computing a BRST invariant quantity, one has to check that the result 
is invariant under the BRST variation of the regulator, 

M\y) = ex V [Q(s a u a + g a u a + g a u a )} 
Ke,M = exp[Q(cs a uj a + eg a uj a + egjf*)) (5.29) 
= e xp[-c(ZJ a u a + s a d a ] + e(f a u a + g a d a ) + s(f a uJ a + g a s a )} , 

for some constants c, e, and e. 

To check the invariance of (15.251) under this variation of the regulator, one first notes 
that the zero mode products in (15.231) with L = 12 scale as 

e -c{w+sd) eS (fu,+ 9 d)+e(fu+gs) x (d) A (r + eg) 12 D 12 A 4 ap (x, 6 + eg) 
= e -c^) e£ (f^+e(fcj) (csdYiegd^iegs) 10 x {d)\e x r n g l )D 12 'A^x, 6) (5.30) 
= c\ee) 11 e- c ^e £{f ^ + ^\gg) u d 1 %sr) 11 D 12 Ai f3 (x,e) . 

So to show the BRST invariance, one needs to check that the bosonic integrations provide 

c-\esy n : 

! d 22 wd 22 Ad 22 /e -c(^)+ e (/ w )+ S (7b) "Q 1 „ c-\ee)- 11 . (5.31) 

J i=1 \ X + £ Ji\ 

This scaling can be easily shown by performing the change of variables 

(w, A, /) -> (a/, A', /') = (c 1 / V cf^A, ec~ l l 2 f) (5.32) 
so that the integral becomes 

c-^ee)- 11 x / d 2Vd 22 A'd 2 Ye- ( ^' )+(/V)+(7 " ) ' f[ i V 1 ,, |6 • (5-33) 
J i=1 I* + Ji\ 

Similarly, all contributions from (15.261) can be checked to be invariant under the BRST 
variation of the Af' regulator. 

To summarize, we have shown that the 4-point 1-loop amplitude can be computed 
using 4 integrated vertex operators U in the Siegel gauge. To be able to do so, it was im- 
portant that the U's are conformal primaries of weight 1 and are annihilated by This 
explains why one could not compute the amplitude using 4 integrated vertex operators in 
the minimal gauge. 
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Since the order of (AA) poles in (J U) 4 exceeds 11, a regularization for (AA) — > was 
necessary. We used a regularization method proposed in [I] (and explained in section [3]) 
to define the indefinite factor of the form 

/d 22 Ad 11 (L>11). (5.34) 

Moreover, since the Siegel gauge integrated vertex operator takes a relatively simple form 
in (\^ m ) a A a p = gauge, we were able to identify the combinations of the terms that 
contributes to the amplitude and their invariance under the BRST variation of the regu- 
lator A/ 7 . Our conclusion is that the only contribution comes from the terms (15.261) that 
require A/ 7 regularization for (AA) — » 0. 

Finally, let us mention that we have demonstrated (ignoring the gauge invariance 
5u a = (7 m A) a f2 m ) that the non-zero modes of s a in the regulator N' does convert "extra" 
r a zero modes above 11 to d a zero modes as was advocated in [I]. 



6 Summary 

In this paper, we showed how to construct vertex operators in the pure spinor formalism 
in the Siegel gauge. Unintegrated vertices in the Siegel gauge can be constructed as Vs = 
b V*, where V* is the ghost number 2 vertex of the corresponding antifield. Integrated 
vertices can then be constructed as usual by J Us = J &-1V5. 

The construction is not obstructed by the complexity of the 6-ghost of the formalism 
and works for vertices of all mass levels, provided that the space of pure spinor vertices 
has field-antifield doubling. Although this latter fact is non-trivial in the pure spinor 
formalism, it is strongly supported by the study of the partition function of the pure 
spinor operator space in [2H E2J [23] . 

For the massless states, an explicit form of the antifield vertex operator is V* = 
\ a \ f3 A a p(x,9), and the computation of the Siegel gauge vertices (both unintegrated and 
integrated) is straightforward. Although the form of the integrated vertex operator Us is 
fairly complicated, we showed that in the gauge where A a p satisfies (\^ m ) a A a [3 = 0, the 
form of Us simplifies considerably and contains terms only up to r 4 /(AA) 4 . 

When vertices are in the Siegel gauge, it is well-known in bosonic string theory that 
the n-point 1-loop amplitude can be computed using n integrated vertex operators. We 
have shown that this Siegel gauge prescription is also valid in the pure spinor formalism 
by deriving it from the conventional prescription that uses 1 unintegrated and (n — 1) 
integrated vertex operators. 

This new 1-loop prescription provides a good testing ground for the regularization pre- 
scription of [1] (reviewed in section [3]) for the functional integration region (AA) ~ 0. This 
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regularization becomes necessary when the factor of r/(AA) in the integrand accumulates 
to r 11 /(AA) 11 or higher. Since the Siegel gauge vertex operators have poles in (AA), the 
4-point 1-loop amplitude already requires this regularization of (AA) ~ 0. Although we 
have not worked out the explicit index contractions, we identified the combinations of 
terms in 4 C/5's (in the (\^ m ) a A a p = gauge) that can contribute to the amplitude, and 
argued that they give a well defined quantity. 

Note that if one blindly applies the new 1-loop prescription to the "minimal gauge" 
vertices that do not depend on non-minimal variables, one would get a vanishing 4-point 
amplitude because of an undersaturation of d a zero modes. For the Siegel gauge vertices, 
we observed that the regularization of (AA) ~ converts the extra factors of r a 's to d a 
zero modes, and the correct saturation of all fermionic zero modes is realized. 

There are several possible continuations of the present work. Firstly, it should be 
possible to complete the computation of the 4-point 1-loop amplitude using the new 
prescription by working out the index contractions explicitly. Although the regularization 
prescription of [I] becomes more complicated when one makes it consistent with the pure 
spinor constraint, the number of terms that contributes to the amplitude should not 
change and is fairly small. 

Secondly, since we now have a method to construct Siegel gauge vertex operators 
systematically, it might be possible to obtain a gauge fixed action of the cubic open 
superstring field theory proposed in [6]. 

Acknowledgements: We would like to thank Pietro Antonio Grassi, Joost Hoogeveen, 
Carlos Roberto Mafra, Nikita Nekrasov, Warren Siegel and Pierre Vanhove for useful con- 
versations, and the KITP where part of this research was done. YA would like to thank 
FAPESP grant 06/59970-5 for financial support, and NB would like to thank CNPq grant 
300256/94-9 and FAPESP grant 04/11426-0 for partial financial support. This research 
was supported in part by the National Science Foundation under Grant No. PHY05- 
51164. 

References 

[1] N. Berkovits, JHEP 0004 (2000) 018 [arXiv:hep-th/0001035]. 
[2] N. Berkovits, JHEP 0109 (2001) 016 [arXiv:hep-th/0 105050]. 
[3] N. Berkovits, JHEP 0409 (2004) 047 [arXiv:hep-th/0406055]. 
[4] N. Berkovits and N. Nekrasov, JHEP 0612 (2006) 029 [arXiv:hep-th/0609012]. 

[5] K. Lee and W. Siegel, JHEP 0508 (2005) 102 [arXiv:hep-th/0506198]. 
K. Lee and W. Siegel, JHEP 0606 (2006) 046 [arXiv:hep-th/0603218]. 

[6] N. Berkovits, JHEP 0510 (2005) 089 [arXiv:hep-th/0509120]. 



30 



[7] P. A. Grassi and P. Vanhove, [arXiv:0903.3903]. 
[8] W. Siegel, Nucl. Phys. B 263 (1986) 93. 
[9] N. Berkovits, JHEP 0009 (2000) 046 [arXiv:hep-th/0006003]. 
[10] M. Matone, L. Mazzucato, I. Oda, D. Sorokin and M. Tonin, Nucl. Phys. B 639 
(2002) 182 [arXiv:hep-th/0206104]. 

[11] N. Berkovits and D. Z. Marchioro, JHEP 0501 (2005) 018 [arXiv:hep-th/0412198]. 

[12] Y. Aisaka and Y. Kazama, JHEP 0505 (2005) 046 [arXiv:hep-th/0502208]. 

[13] A. Gaona and J. A. Garcia, JHEP 0509 (2005) 083 [arXiv:hep-th/0507076]. 

[14] N. Berkovits, JHEP 0801 (2008) 065 [arXiv:0712.0324 [hep-th]]. 

[15] N. Berkovits, JHEP 0108 (2001) 026 [arXiv:hep-th/0104247]. 

[16] Y. Aisaka and Y. Kazama, JHEP 0302 (2003) 017 [arXiv:hep-th/0212316]; JHEP 

0308 (2003) 047 [arXiv:hep-th/0305221]; JHEP 0404 (2004) 070 [arXiv:hep-th/0404141]. 

[17] F. Malikov, V. Schechtman and A. Vaintrob, Commun. Math. Phys. 204 (1999) 439 
[arXiv: math/9803041]. 

[18] A. Kapustin, [arXiv:hep-th/0504074]. 

[19] E. Witten, [arXiv:hep-th/0504078]. 

[20] N. A. Nekrasov, [arXiv:hep-th/0511008]. 

[21] N. Berkovits and N. Nekrasov, Lett. Math. Phys. 74 (2005) 75 [arXiv:hep-th/0503075]. 
[22] PA. Grassi and J.F. Morales Morera, Nucl. Phys. B 751, 53 (2006) [arXiv:hep- 
th/0510215]. 

[23] Y. Aisaka, E. A. Arroyo, N. Berkovits and N. Nekrasov, JHEP 0808 (2008) 050 
[arXiv:0806.0584 [hep-th]]. 

[24] Y. Aisaka and E. A. Arroyo, JHEP 0808 (2008) 052 [arXiv:0806.0586 [hep-th]]. 

[25] E. Aldo Arroyo, JHEP 0807 (2008) 081 [arXiv:0806.0643 [hep-th]]. 

[26] C. R. Mafra, arXiv:0902.1552 [hep-th]. 

[27] N. Berkovits, JHEP 0601 (2006) 005 [arXiv:hep-th/0503197]. 

N. Berkovits and C. R. Mafra, Phys. Rev. Lett. 96 (2006) 011602 [arXiv:hep- 
th/0509234]. 

C. R. Mafra, JHEP 0601 (2006) 075 [arXiv:hep-th/0512052]. 

N. Berkovits and C. R. Mafra, JHEP 0611 (2006) 079 [arXiv:hep-th/0607187]. 

C. R. Mafra, JHEP 0804 (2008) 093 [arXiv:0801.0580 [hep-th]]. 

C. R. Mafra and C. Stahn, arXiv:0902.1539 [hep-th]. 

[28] L. Anguelova, P. A. Grassi and P. Vanhove, Nucl. Phys. B 702 (2004) 269 [arXiv:hep- 
th/0408171]. 

[29] N. Berkovits and O. Chandia, JHEP 0208 (2002) 040 [arXiv:hep-th/0204121]. 

[30] M. Cederwall, B. E. W. Nilsson and D. Tsimpis, JHEP 0202 (2002) 009 [arXiv:hep- 
th/0110069]. 



31 



[31] J. Polchinski, "String theory. Vol. 1: An introduction to the bosonic string," 
Cambridge, UK: Univ. Pr. (1998) 402 p 



32 



